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Abstract: It is shown that the Goldstone theorem is actually a special case of the
Noether theorem in the presnce of spontaneous symmetry breakdown, and is thus im
mediately valid for quantized as well as classical fields. The situation when gauge fields
are introduced is discussed, emphasis being placed on some points that are not often
discussed in the literature such as the compatibility of the Riggs mechanism and the
Elitzur theorem and the extent to which the vacuum configuration is determined by the
choice of gauge.
1 Introduction.
Although spontaneously-broken gauge theories have been in existence for more
than two decades[lj, and their experimental relevance has been put beyond all
doubt by the theories of (low-temperature) superconductivity[2J and the elec
troweak interactions[3j, new aspects of the theories continue to surface even at the
most fundamental and elementary levels. Typical examples are the discovery of the
non-trivial topological content of these theories (the existence of monopoles[4j, in
stantons[5} and the Gribov effect [61, for example) and the emergence of paradoxes
such as Elitzur’s theorem[7j, which states that, strictly speaking, gauge symmetries
are not spontaneously broken. This means, of course, that, for gauge theories, the
name ‘spontaneously broken symmetry’ is particularly inappropriate, and should
be replaced by some alternative such as ‘hidden symmetry’. The purpose of the
present note is to discuss some of the aspects of hidden gauge symmetries that
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still arise, with a view to simplifying and clarifying them. Such a discussion would
seem to me to be appropriate in a birthday Festschrift for Professor Doebner since
much of his outstanding scientific endeavour has been devoted to simplifying and
clarifying the subtler aspects of various theories.
The first, and perhaps most interesting, point to be considered is the intimate
connection between the Noether{8J and Goldstone{9] theorems. In the literature
these theorems are usually treated as seperate and unrelated, but it is shown in
Section 2 that, far from their being unrelated, the Goldstone theorem can actually
be derived as a special version of the Noether theorem in the case of a spontaneous
breakdown. Some advantages that result from deriving the Goldstone theorem in
this way are that it becomes evident at once that the theorem is valid not merely
for the minima of the energy (or the Eucidean action) but for any stationary
points, and that it does not matter whether the fields are quantized or not[1O} [11].
All that is actually required is that the condensation point be stationary, which
comes out as the absence of ‘tadpoles’ in the quantized case.
The above discussion is, of course, valid only in the absence of gauge fields,
and a question that has to be discussed is the modifications that occur when
gauge fields are coupled into the system. The Noether derivation of the Goldstone
theorem turns out to be very convenient for purpose. It is first shown (section 3)
that the procedure of minimizing the energy (or the Eucidean action), is gauge
covariant one in the sense that the vacuum configuration lies on a gauge-invariant
orbit. This forms the basis for the Elitzur result, which is essentially the statement
that in quantum field theory the functional integration {l1J averages over this orbit
and so preserves the gauge symmetry.
The most characteristic feature of spontaneously broken gauge theories is, of
course, the Riggs mechanism[1j[3], through which the Goldstone fields disappear
and gauge fields acquire masses. However, since the Goldstone fields disappear
only in a particular gauge (the so-called physical one) and the mass-generation is
usually computed for a particular vacuum configuration (the constant one in the
topologically trivial case) without averaging over the orbit, some question arises as
to the compatibility of the Riggs mechanism and the Elitzur theorem. This ques
tion is discussed for the two parts of the Riggs mechanism, namely the vanishing
of the Goldstone fields and the generation of the gauge-field masses, in sections 4
and 5 respectively. In section 4 the Noether derivation of the Goldstone theorem
is used to show that, although the Qoldstone fields vanish only in a particular
gauge, the Goldstone theorem fails in all gauges, and in section 5, it is shown that
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this the generation of the gauge-field masses is a completely gauge-invariant phe
nomenon and is thus insensitive to the Elitzur averaging. In both these sections
the discussion is not only gauge invariant but also independent of the topology of
the underlying configuration space.
Finally, in section 6 we consider a point which arises out of the discussion of
sections 4 and 5, but is not often discussed, namely the compatibility of the general
gauge choice with the choice of vacuum configuration. We show that, generically,
the choice of gauge for general configurations determines the vacuum configuration,
but that this is not always the case, and that, in particular, the physical gauge
leaves the choice of vacuum configuration completely free.
2 Noether Version of Goldstone Theorem.
We begin by recalling the Noether theorem. Let L(i, 8i), where 8, means a/aZL,
be the Lagrangian density for any set of fields i(x) and let the Euler-Lagrange
field equations for L be written in the form
ÔL
= --- , where it- = (1)
077 077
Now suppose that the fields transform linearly with respect to some x-independent
(rigid) continuous group G i.e.
77(x) — ei(z), (2)
where aa and c for a = 1,2...dimG, are the (rigid) group parameters and gen
erators respectively. The representation generated by the os need not, of course,
be irreducible, and will certainly not be irreducible if the set of fields 77(x) in
cludes fields of different spin. Noether’s theorem then states that, if one defines
the currents
j(x) = ir,(z)7a17(x), (3)
then, as a consequence of the field equations, one has
.a_(5L(cz,8,hcS)” (4) ,vaa
=0
and hence if the Lagrangian density is invariant with respect to the group trans
formations (2) the currents j(z) are conserved.
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In order to derive the Goldstone theorem from this result let us denote the
scalar fields in the set i(x) by (x) and assume for simplicity that the Lagrangian
is of the standard form
= + A(, ), (5)
where i now denotes all the other fields except the scaiar fields and the term
A(4i, i) contains no derivatives of çb. Then the Noether currents take the form
j(z) =(84.q5(z))o1)(x) +j(7(x)), (6)
where denotes the part coming from the fields other than the scalar fields,
and may contain the scaiar fields but not their derivatives.
Suppose now that the scalar field undergoes a spontaneous symmetry break
down i.e. the field takes the form
q5(x) (/)O + 8(x) , where °(x) 0, (7)
and where °, which we shall call the condensate, is a constant stationary point
of the action. Then clearly the Noether currents may be written as
= (8M8(x))o° +j(8(x)) +j((x)) , (8)
and the Noether theorem may be written as
= 829(x)y.0 + 9,j(8(x)) + 8,,jr7(z)) = 0. (9)
But since the constant field ° is supposed to be a stationary point of the action
the currents j,(8) and j1h(?7) in this equation are bilinears in the fields. Hence
equation (9) may be written as
= bilinear in the fields. (10)
But this shows that the fields (8(z)o’°) are massless, which is precisely the Gold-
stone theorem. Of course, if the condensate çS° is only a stationary point but not
a minimum of the energy the word word massless is not quite appropriate, since,
strictly speaking, masses are defined only at the minima. But the statement that
the field equations for the Goldstone fields (6(x)o°) contain no linear terms
may then be regarded as the generalization of the usual Goldstone statement
for arbitrary stationary points. The most interesting point concerning the above
derivation, however, is that it makes no explicit distinction between classical and
quantized fields. The Noether theorem holds for both kinds of fields, so the only
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place in which the distinction enters is in the condensate. In the classical case
the assumption that the condensate q° is stationary requires no further consid
eration after the initial choice, but in the quantized case it requires more careful
consideration. In particular, in perturbation theory it requires that the condensate
remain stationary in each order of perturbation i.e. it requires that the vacuum
be corrected at each order of perturbation so that no tadpole graphs appear. But
this is the only distinction between the classical and quantum cases.
It should, perhaps, be emphasized that the question as to whether a sponta
neous breakdown actually occurs i.e. whether the field (z) can actually condense
to a non-zero constant °, lies outside the scope of the above discussion, which is
concerned only with the conequence of their being a spontaneous breakdown. In
particular the well-known statements{12j to the effect that there can be no spon
taneous symmetry breakdown in low dimensions are not in contradiction with the
above discussion but complementary to it.
3 The Effect of Gauge Fields.
The assumption that the kinetic part of the Lagrangian for the scalar fields is
of the form shown in equation (9) eliminates the possibility of the scaiar fields
being coupled to gauge fields and in this section we wish to consider the modifica
tions that arise if a gauge-fields coupling is introduced. In. that case the standard
Lagrangian density becomes
L(çb,A) = trF2 + + A(c), (11)
where F is the gauge field, D is the covariant derivative, and, for simplicity,
all other fields such as fermion fields have been omitted, so that A is actually a
potential for qf. The field equation for is still (1) since this was derived for general
Lagrangians, but since lr,h = Dq is covariant, it is clear that the two sides of (1)
are not seperately covariant. It is convenient to make them covariant by adding a
term (Aoairm) to each side, in which case the equation takes the form
(12)
each side of which is manifestly covariant. The expression (3) for the Noether
currents also remains the same, and is covariant, but, by using the field equation
(11) one sees that the divergence equation becomes the covariant one
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Dj= (13)
Thus if L is group invariant the covariant divergence vanishes. This is the covariant
version of Noethers theorem.
To consider the question of the Goldstone theorem one must now consider
the question of a spontaneous symmetry breakdown. The important point to note
is that, whereas in the non-gauge case the breakdown is given by equation (7),
where the condensate ° is constant, in the gauge case it is given by equation (7)
where the condensate 6° is only covariantly constant. To see this, we note that
the conditions for a the minimum of the energy (or the Euclidean action) for the
Lagrangian density (11), denoted by superscript zero, are
F° = 0, D°° = 0, and 40 = minimum, (14)
the first of which implies that the gauge field is pure gauge and the second two
imply that 4(z) lies on gauge invariant group orbit i.e.
= (g°)18,g° and °(z) = U(g°(x))(0) , (15)
where z = 0 is some arbitrary origin in i-space. (Of course, if the i-space is
topologically non-trivial g°(x) may become singular so that (15) holds only in
coordinate patches). From (15) one sees that there is no need for () to be
constant. Indeed it is well-known in monopole and instanton theory that if the
x-space is topologically non-trivial and the topological charge is non- zero çb()
cannot be constant. On the other hand it is clear that (z) lies on a gauge -invariant
group orbit and this is the origin of the Elitzur theorem, which is based on the fact
that in quantum theory the functional integral averages over the orbit and is thus
gauge-invariant. It states essentially that, while the condensate qY’(x) in (15) is not
zero, the average of the condensate with respect to the functional integral (which
is equivalent to the vacuum expectation of the field in the canonically quantized
version of the theory) is zero. Thus qS°(z) 0 but <g!°() > 0.
On the other hand, in the usual treatments of spontaneously broken gauge
theories one chooses as vacuum configuration a definite point on the orbit (e.g.
=constant and A = 0 in the topologically trivial case) and this breaks the
gauge symmetry. Since this procedure produces the characteristic features of the
theory such as the disappearance of the Goldstone fields and the generation of
masses for the gauge fields the question then arises as to how these effects can be
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compatible with the Elitzur result. These are the questions that will be discussed
in the following sections.
4 Gauge Analogue of the Noether-Goldstone Theorem.
To obtain the gauge analogue of the Noether-Goldstone theorem we note that,
since the Noether currents in the gauge case are of the form
j((z)) = (D(x))rq(z), (16)
in the case of a spontaneous breakdown they become
= (D °(x))oq°(x) + (D,,qS°(z))o6(x)+ (D9(x))u°(x) +j(8). (17)
But since the condensate 0(x) is gauge covariant with respect to the vacuum
gauge-field A we may write
(D,L — Dj°(x) = LA(x)°(x) where — A. (18)
and hence
j(qS(x)) = LA(z)(o°(z),oq5°(x)) +D,(8(x),S°()) (19)
+2A(x)fr°(z),9(z)) +j,(6(x))
where the inner product is in the group-representation space, and is used explicitly
here and henceforth in order to clarify the notation. Note that L1A, being the
difference of two connections, is a vector field. Applying the Noether theorem in
the covariant form (13) one then obtains as the gauged version of the Goldstone
theorem (10) the result
D2(8(x), .aq5O(x)) + oqS°(z))j + bilinears = 0
(20)
Thus even in the gauge theory there is a Goldstone theorem. However, it is only
a formal theorem in the sense that it no longer implies the existence of massless
fields. To see this, let us write (20) in the non-covariant form
82 (8(z) Taq5°(z)) + = bilinears. (21)
From this equation one cannot conclude that the Goldstone field (8(z), a4(z))
is massless, but only that there is a relationship between its d’Alembertian and
the divergence of the vector field zA(x). Thus, in the sense that it predicts the
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existence of massless fields the Goldstone theorem fails in the presence of gauge
fields. This is true in any gauge, but, of course, it is well-known that there exists
a gauge, namely the physical gauge, in which it fails even in the stronger sense
that the Goldstone fields actually vanish. Since the proof of this is usually only
given for the constant vacuum configuration i.e. for çb°(x) = constant, it may
be worthwhile reproducing it here in a form that is applicable for any vacuum
configuration: Consider the functions f(x, a) = (8(s), U(a)c°(x)), where a are
the group parameters and U(a) the group-representation to which the scalar fields
belong. For each value of x this is a continuous (even analytic) function of the a’s
and since the range of the a’s is compact (assuming the group is compact) it is
a function with at least one stationary point. Denoting any stationary point (the
minimum, say) for each fixed z by a(a,) we have
(8f(:a))
v(a)(8(z),U(a3)u° z)) 0, (22)
a= a
where the v(a,) is the group velocity matrix. Since this matrix is invertible from
the general theory of Lie groups one sees that
(8(z),U(a3(z))oçb°(z)) = 0, (23)
and hence if we make the gauge transformation
.9(z) Og(z), where Sg(z) = U’(a3(z))6(z) . (24)
we have
(Sg(z),oaq°(z)) = 0. (25)
But this shows that the Goldstone fields, which. are just the a&k°(z) components
of the scalar fields, vanish in the gauge 9 = 8g
5 Covariant Mass Generation.
In this section we wish to show that the mass-generation part of the Higgs mech
anism also is a gauge-invariant phenomenon. For this we consider the form that
the kinetic term for the scalar fields in the Lagrangian density (11) takes in the
case of a spontaneous symmetry breakdown. It is easy to see that the form is
= (D0(z), D°(z)) + (Dq5°(z), D6(z)) + L(8(z)), (26)
which, on using (18), reduces to
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L(çb(x)) = A A(oaq°(), °(x)) + tA(øa, D,L8()) + L(0(z)). (27)
If we recall that is a vector rather than a connection we see that each
term in (27) is seperately gauge-invariant. On the other hand, the leading term
on the right-hand-side is a mass-term for for this vector field with mass-matrix
M(x) given by (acb°(z), jco(x)). Furthermore, since, by definition, we have
M(x) U(g(x))M(0)U(g(x)), where Ud(g) denotes the elements of the ad—
joint representation, the eigenvalues of M(x) are independent of x (even in the
topologically non-trivial case) and are therefore genuine physical masses. This
generation of physical masses constitutes the covariant version of the Riggs mech
anism. It shows that a spontaneously broken potential for the scalar fields will
produce masses for the vector fields eA which are gauge-invariant, and there
fore quite independent of the Elitzur averaging. Since, from (10), the directions
are the Goldstone directions, it is, as usual, just the gauge fields in the
Goldstone directions that acquire masses. Note that the mass-generation is not
only gauge-invariant but independent of the topology of the x-space and is thus
valid even for cases (such as monopole configurations) in which the z-dependence
of the scalar condensates °(x) cannot be gauged away.
6 Gauge-Fixing and Vacuum Configurations.
A remarkable feature of the vanishing of the Goldstone fields as described in sec
tion 4 is that in the case of the physical gauge it seems to be possible fix the gauge
for general configurations and at the same time leave the vacuum configuration
arbitrary. To understand why this is remarkable, and is not to be expected for
general gauge choices, let us consider the general relationship between the choice
of gauge and the choice of vacuum configuration (restricting ourselves, for simplic
ity, to the topologically trivial case). First we note that, in general, gauge fixing
imposes dimO conditions on the fields. On the other hand, the vacuum conditions
(15) express all the fields in terms of dimG gauge functions, namely the parameters
a°(x) in g0(z)=exp(a0()). Hence a complete gauge fixing would be expected
to fix the functions g°(x) uniquely. For example, for scalar QED with one real
gauge field A,(z) and one complex scalar field (z) the usual gauge chosen is the
real gauge, in which the imaginary part of q5(z) is set equal to zero. Since the
scalar-field part of the vacuum conditions in this case are
= exp(ia°(z))°(0), (28)
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we see that the real gauge forces the vacuum configuration to be
a°(x) = constant = constant and A(z) = 0. (29)
Thus in this case the vacuum configuration is completely fixed by the general gauge
fixing, and is the conventional, constant, configuration. Perhaps a more interesting
set of gauges (valid for general groups) are the gauges
(30)
where, for example, the functions f’ () are chosen as
f) =0, f) = (°, ), and f@) = , ( adjoint), (31)
respectively, the first and second being the Landau and ‘t Hooft gauges, which
have the property that they eliminate the bilinear term L4(a, 8L8(z)) in (24).
It is easy to see that for these three gauges the conditions for the vacuum gauge
functions g°(x) are
= 0, 0, and °(x), (32)
respectively, where in the second case we have used the fact that in the adjoint
representation the generators are anti-symmetric and in the the third case we have,
of course, the relation °(x) = (g0(x))_l °(0)g°(x). It is clear that in all three
cases the vacuum gauge function g”(z) is determined uniquely up to a function
which is a solution of (32) with zero right hand side (and which we shall call a
quasi-harmonic function since it reduces to a harmonic function in the abelian
case). The lack of complete determination of the vacuum in these cases is, of
course, simply due to the fact that the original gauge fixing is itself complete only
up to quasi-harmonic functions. From (32) we see that in both the Landau and
‘t Hooft cases the vacuum is forced to be a trivial configuration i.e. either the
constant vacuum configuration or a quasi-harmonic equivalent. But for the third
gauge chosen in (31) one sees by inspection that the vacuum configuration cannot
be the trivial one or a quasi-harmonic equivalent. This is the reason that it was
chosen as an example, and is probably one of the reasons that such gauges are not
usually considered in the literature!.
Let us now consider the physical gauge in the light of these examples. The
condition for the physical gauge is (25). Now, in order to keep the independence
of all the scalar fields explicit one must consider them to be real fields, in which.
case the generators 0 are anti-symmetric. On setting () equal to cb°(z) for the
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physical gauge and using the anti-symmetry of the os one sees that the gauge
condition (25) is auomaiica1ly satisfied. Thus in the case of the physical gauge the
general gauge condition imposes no condition on the g°() and hence no condition
on the choice of vacuum configuration (except of course that g°(z) lie on the group
orbit determined by the potential). From the discussion of the other gauges it is
clear that in this respect the physical gauge is quite exceptional.
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